Computations were performed to understand propulsion tradeoffs that occur when a hypersonic vehicle travels along an ascent trajectory. Operability limits are plotted that define allowable flight corridors on an altitude versus flight Mach number performance map. Two operability limits are set by requirements that combustion efficiency exceeds 0.90 and that flameout be avoided. Ambient gas pressure decreases during ascent, which for a fixed waverider inlet (compressor) design slows finite rate chemistry in the combustor. However, this can be offset by increases in flight Mach number and gas temperature in the combustor. New aspects of the work are that operability limits are computed for a waverider trimmed at each altitude. The University of Michigan-U.S. Air Force Research Laboratory scramjet in vehicle waverider model includes finite rate chemistry, three-dimensional mixing, ram-scram transition, and an empirical value of the flameout Damköhler number. A reduced-order modeling approach is justified (instead of computational fluid dynamics results) because all vehicle forces are computed over 1800 times to generate multidimensional performance maps. Trajectories were optimized to achieve highest combustion efficiency and avoid flameout limits.
I. Introduction T HERE are several interesting tradeoffs that occur when a hypersonic waverider ascends along a trajectory of constant dynamic pressure (q 1∕2ρ ∞ U 2 ∞ ). Figure 1 shows the geometry of the MAX-1 waverider that the authors have analyzed [1] [2] [3] [4] [5] [6] [7] [8] [9] using their reduced-order model called the University of Michigan-U.S. Air Force Research Laboratory scramjet in vehicle (MASIV). A constant-q trajectory might be selected from one of the three solid curves in Fig. 2 , which is a flight corridor map of altitude versus flight Mach number. The unstart limit that is shown was computed in [2] ; it occurs when the combustor applies an excessively high backpressure on the shock train in the engine isolator, forcing the shocks to move upstream and creating unwanted spillage. The low and high ambient pressure operability limits are described in Sec. V. Two operability limits of interest are the flame instability or flameout limit, a hard constraint, and the loose requirement of maintaining a high combustion efficiency greater than 90%. The second requirement is flexible in that operating at lower efficiency is feasible but leads to excess fuel burn and reduced range. A desired trajectory is one that avoids crossing these two limits. Computations of these operability limits have not been reported previously; to do so, our reduced-order model [1] [2] [3] [4] [5] [6] [7] [8] [9] had to be improved using the approach described in Sec. IV.
During the vehicle ascent, the ambient static pressure drops, creating low-pressure conditions that reduce the chemical reaction rates in the combustor, despite the initial inlet compression. Ambient static temperature does not vary as significantly by comparison. Another undesirable effect is that the airflow velocity in the combustor increases, reducing the residence time available to complete combustion. However, the vehicle accelerates along the ascent trajectory, increasing the flight Mach number and oblique shock strength. Because ambient static temperature remains relatively constant (small relative rise), this then increases the static temperature entering the combustor after the shock train and tends to speed up the finite rate chemistry. Figure 3 illustrates the inverse trends of static pressure and temperature with increasing altitude.
Another complication is that the fuel-air equivalence ratio (ER) varies in a different way along each trajectory, and it cannot be specified a priori. ER is determined by two factors: the thrust that is required to "trim" the vehicle, and the entrained air mass flow rate. Trimming the vehicle is an iterative process by which a vehicle configuration is computed that balances the aerodynamic and propulsive forces such that a given flight condition (Mach number, acceleration, and altitude) is met. The equivalence ratio, angle of attack, and control surface deflections are independent parameters that constitute the vehicle configuration; they are varied until the flight condition is matched within tolerance. Thrust depends on the vehicle drag and angle of attack, which in turn depends on the vehicle weight. The engine air mass flow rate is ρ ∞ U ∞ A c , and this can be rewritten as 2qρ ∞ 1∕2 A c , where A c is the capture area. Selecting a large dynamic pressure q trajectory will tend to increase the air mass flow rate and reduce the required ER for trim. However, this relation shows that, during ascent, the air mass flow rate drops due to the low gas density at high altitudes, which tends to increase the ER necessary to meet the target flight condition, including the target acceleration. Because of these complex tradeoffs, a model can help to understand how ER, pressure, temperature, and gas velocity in the combustor can affect the combustion efficiency and the flameout limit.
One of the operability limits of interest corresponds to the requirement that combustion efficiency η C exceeds 0.90. Heiser et al. [10] define η C to be η C _ m H2;burned _ m H2;inj _ m H2;inj − _ m H2;4 _ m H2;inj (1) where _ m H2;inj is the mass flow rate of the hydrogen fuel that is injected from wall ports. The quantity _ m H2;4 is the mass flow rate of unburned hydrogen that passes through the combustor exit. Stations 3 and 4 are defined to be the entrance and exit of the combustor, respectively, as drawn in Fig. 1 .
The second operability limit of interest is the flameout limit [10] [11] [12] [13] [14] [15] . Flameout occurs when the air velocity at the entrance to the combustor (U 3 ) exceeds the critical air velocity (U 3 ) that is determined by setting the normalized Damköhler number Da H equal to 1. The Damköhler number criterion was pioneered by Ozawa [13] and has been validated in many studies, including recent advances by Shanbhogue et al. [14] and Driscoll and Rasmussen [12] . Damköhler number Da is defined as the ratio of the fluid mechanical time to a chemical time τ:
where S L is the laminar burning velocity, and α is the thermal diffusivity. The inverse of the numerator in Eq. (2) is the chemical time τ, which is correlated to a maximum fuel reaction rate ω τ ≈ 1∕τ.
For Da ≫ 1, the reaction rate is much greater than diffusion, and the steady solution is said to be diffusion-limited. For Da ≪ 1, diffusion occurs much faster than the reaction. The Damköhler number is computed for a number of experiments with cavity flameholders in a high-speed crossflow. These experiments [16] [17] [18] [19] [20] ω τ is the maximum reaction rate of the fuel inverse seconds. It depends on the equivalence ratio (ER), static pressure p 3 , and static temperature T 3 at the combustor entrance. Similar to previous studies [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , it is assumed that a wall-cavity flame holder is used, and so the characteristic length scale is the height H of the wall-cavity. The recirculating flow in the wall-cavity is not explicitly modeled in MASIV. Equation (3) is rearranged to state that the critical air velocity U 3 at the flameout limit (Da H 1) is
The constant k 1 in Eq. (4) is another way of representing the denominator of Eq. (3). Constant k 1 must be determined from experimental data because computational fluid dynamics (CFD) computations cannot reliably compute a flameout limit. Fortunately, there are many measured values of flameout limits for cavity flame holders that provide values of k 1 . Measurements of Takahashi et al. [16] were selected because their flameout limit was recorded for a scramjet experiment that was operated on hydrogen fuel with a cavity flame holder. They measured a flameout velocity U 3 at 1336 m∕s for a cavity height H of 0.36 cm. Their static temperature T 3 and pressure p 3 were 1111 K and 0.47 bar, respectively. From these values, their reaction rate ω τ is computed by the MASIV code. The resulting value of constant k 1 2893 for Takahashi et al. [16] , and this was used in our analysis. There are several goals of the present study. Two cases were defined; the first is called the assessment case, and the second is the ascent case. For the assessment case, the vehicle does not ascend, and three of the four parameters [p 3 , T 3 , U 3 , and ER] are fixed. Initially, p 3 is varied alone, and later T 3 is varied alone, and two quantities are computed: combustion efficiency and Damköhler number. The results help to understand the relative role of pressure and For details, see [3, 4] . temperature. In contrast, for the ascent case, all four of these parameters vary as the vehicle ascends along a constant dynamic pressure trajectory, with a fixed vehicle acceleration. Trim conditions are imposed at several different altitudes along each of the nine trajectories (i.e., values of dynamic pressure). At each altitude, the forces and moments are computed at multiple angles of attack to determine the angle and fuel-air ratio that trims the vehicle. Along each trajectory, the altitude is recorded where flameout occurs and where η C drops below 0.90. Results are stored in a multidimensional matrix used to plot operability limits and determine a trajectory that maximizes combustion efficiency while avoiding the aforementioned limits.
II. Motivation for Reduced-Order Models
The study of hypersonic vehicles poses unique challenges in that the engine is tightly coupled with the vehicle, and so it is not possible to analyze the engine by itself. Combustor pressure should not be allowed to drop too low, and so the oblique shock pattern in the inlet and isolator must be strong enough to provide sufficient compression. The inlet shock strength depends on the vehicle angle of attack. This angle is determined by the trim condition that thrust, drag, and acceleration be properly balanced. However, the thrust depends on the combustor pressure, temperature, and other engine conditions, and so these parameters are interrelated. As such, solutions can only be found through an iterative process. A second obstacle is that, to create the necessary trajectory surface maps, more than 1800 "runs" or full-vehicle computations, including the engine, had to be made. Each run computes the vehicle forces and moments as well as the axial profiles of static pressure and temperature in the engine: across the inlet shocks, the isolator, the combustor, and the exhaust nozzle. One approach might be to perform high-fidelity CFD simulations of the entire hypersonic vehicle, including the engine flowpath, for the more than 1800 run conditions. However, this requires excessive computational cost and time. Another approach is to gain an approximate understanding of the solution through a reduced-order model (ROM) that provides a "first look" at a large multidimensional parameter space.
Previously, the advantages of ROMs have been pointed out by U.S. Air Force Research Laboratory (AFRL) researchers Bolender and Doman [26] , O'Neill and Lewis [27] , O'Brien et al. [28] , Bowcutt [29] at Boeing, Dalle et al. [1] [2] [3] , Torrez et al. [4, 5] , Mbagwu and Driscoll [6] , Lamorte et al. [7] , Mbagwu and Driscoll [8, 9] , and Chavez and Schmidt [30] . The Bolender-Doman AFRL ROM was developed in 2006 [26] to simulate the flight dynamics, poles, and zeros of a hypersonic vehicle. This early ROM relied on additional assumptions. Forces on each surface panel were computed using a hypersonic panel method that assumes small angle deflections, no flow separation, and no detached bow shock wave. Viscous forces were estimated using hypersonic flat-plate approximations. Compression by the bow shock was computed, but internal shock waves were ignored. The combustor was a constant-area duct with effective heat addition due to combustion, and the combustion was assumed to be fast and 100% completed within the available combustor length.
To improve on the Bolender-Doman AFRL analysis, a secondgeneration model, called MASIV (from "Michigan-AFRL scramjet in vehicle") was developed during a joint collaboration between the University of Michigan and AFRL [1] [2] [3] [4] [5] [6] [7] [8] [9] , some details of which are summarized in Sec. III. Items that were added include multiple interacting shock waves in the two-dimensional (2-D) inlet (and the exhaust nozzle) using a technique similar to the method of characteristics. In the combustor, three-dimensional (3-D) fuel-air mixing was added by assuming that a wall jet issues from N wall ports. Empirical formulas were obtained from experimental data that describe the fuel concentration profiles within each fuel jet [31] . Finite rate chemistry was added by including a strained flamelet chemistry lookup table computed from the Stanford FlameMaster code.
Using the MASIV model, one run requires less than 1 min of computational time on a single processor. ROMs have proven useful in this regard when the goal is to optimize the geometry, the trajectory, or the control of the vehicle system. The shorter computational time also allows ROMs to quickly generate solutions over a wide parameter space and identify areas of interest that then guide the judicious use of CFD for a smaller subset of conditions where higher accuracy is desired. Thus, ROMs do not compete with high-fidelity CFD but rather can be used alongside CFD to efficiently characterize and analyze large, multidimensional parameter spaces. The performance of MASIV has previously been validated against commercial CFD codes [2,4].
III. Reduced-Order Model
This section details the reduced-order model for the MAX-1 waverider vehicle that is drawn in Fig. 1 , with emphasis on the combustor and jet-in-crossflow formulation. The vehicle is similar to the generic aircraft that was first considered at AFRL by Bolender and Doman [26] . It has a length of 29.1 m (95.4 ft), and the width of the dual mode ramjet-scramjet engine is 2.143 m. The inlet is rectangular with a sufficiently large aspect ratio of 15.3 such that it can be considered to be two-dimensional. The isolator is 1.38 m long and is followed by the constant-area portion of the combustor that is 0.90 m long; both have a cross section of 0.14 by 2.143 m. The second part of the combustor is 0.62 m long, and its upper wall diverges at 4 deg.
Forces on each surface panel are computed using a small-angle panel method, and the method to trim the vehicle is described in [1, 2] . The engine inlet is drawn in Fig. 4 , and it contains multiple shock waves that interact. The inlet code is similar to the method of characteristics, and it computes the static pressure rise and the stagnation pressure loss in the inlet. It assumes that the flow is 2-D, wall deflection angles are small, no flow separation occurs, and the supersonic inlet Mach number is small enough that strong shock/ boundary-layer interactions do not occur.
The MASIV combustor submodel was described in detail in [1] [2] [3] [4] [5] [6] [7] [8] [9] , and so only a summary is provided here. The code includes finite rate chemistry, real gas properties, a three-dimensional jet mixing model, a separated boundary-layer model, and gas dissociation. The airstream is modeled as the one-dimensional (1-D) flow in the duct that is drawn in Fig. 5 . It has variable area, friction, wall heat transfer, (11)]. The equations are derived in [4, 27] :
1 p dp
Equations (7) and (8) define the equation of state and the molecular weight W of the gas mixture, respectively. Equation (9) states that the total mass flow rate is that of the component species of the oxidizer (air), fuel (hydrogen), and other intermediate species. Note that the fuel is injected at a single x location, downstream of the combustor entrance.
An important quantity is the volumetric reaction rate of each species ( ω i ) that appears in Eq. (11) within the first term on the right side. This reaction rate controls how the mass fraction of each species (Y i ) varies in the x direction. The overbar denotes that ω i has been averaged over the y and z directions, and so it is only a function of the streamwise coordinate x. The reaction rate depends on two submodels: an empirical model for the 3-D fuel-air mixing of a jet in crossflow, and a submodel of the finite rate chemical reactions. Both are described in detail in Torrez et al. [4] . A spatial representation of the spreading profile for a jet in crossflow is shown in Fig. 6 .
The model geometry is limited to one specific configuration: that of N independent fuel jets at a single axial location injected into a crossflow of air. Empirical formulas [Eqs. (12) (13) (14) (15) (16) (17) (18) (19) ] that define the fuel jet spreading and mixing were validated by the experiments of Hasselbrink and Mungal al. [31, 32] and Smith and Mungal [33] . The centerline of each fuel jet bends over such that its y coordinate (y C ) is related to its x coordinate (x C ) according to [31, 33] 
where d F is the fuel jet diameter, and r u is the fuel jet momentum ratio. The decay of the time-averaged, normalized fuel mass concentration ξ C along the centerline is given by the far-field scaling law [32, 33] :
The mean mixture fraction along the centerlinef C is then correlated to the concentration ξ C and is assumed to be unity in the injected fuel stream and zero in the upstream crossflow:
where W is the molecular weight of the fuel or oxidizer. The mixture fraction at any point in the flowfieldf can be computed by mapping the shortest distance from that point to the jet centerline. Smith and Mungal [33] showed that the resultant mixture fractionfs; n has a Gaussian profile in the direction normal to the curved jet centerline and is dependent on the radial jet spreading distance b, a function of the distance along the centerline (s), and the perpendicular distance from the centerline (n):
The variance of the mixture fraction g f 0 02 is a function of the gradient of the mean mixture fraction, according to the Prandtl mixing length relation:
Following this, the mean scalar dissipation rateχ is given by the following formula, where D T is the turbulent scalar diffusion coeficient, modeled by a relation of the turbulent kinematic viscosity ν T and the turbulent Schmidt number (Sc T 0.7): 
These relations determine how the flow mixture properties vary spatially in a three-dimensional field where a fuel jet progresses along its centerline. In particular, the flowfield mixture fractionf, variance g f 0 02 , and the scalar dissipation rateχ from Eqs. (15) (16) (17) , along with local combustor pressure and temperature conditions derived from Eqs. (5) (6) (7) (8) (9) (10) (11) , are necessary to compute the volumetric reaction rate ω i from the chemical kinetic flamelet tables. Using a flamelet model, the reaction rate of each species is then
The profiles of the mixture properties are matched empirically to low-speed experiments, giving rise to the values of constants c 1 to c 5 , which are used in this study. Recent investigations [5, 34] have found similar scaling relations for transonic and supersonic flows, and so their use here is appropriate. The quantity U F d F ∕ν T is taken as a tunable parameter in the model, and c 6 is chosen to correlate with additional mixing suppression due to the high-speed flow.
IV. New Additions to the MASIV Model to Improve the Finite Rate Chemistry
To achieve the current goals of computing combustion efficiency and flameout limits, two major additions were made to the MASIV model: the chemistry lookup table was extended to the low pressures associated with high-altitude flight, and an advanced interpolation method based on proper orthogonal decomposition (POD) was added. Finite rate chemistry is included by using a flamelet approach, similar to that of Ihme and See [35] and Peters [36] . A flamelet lookup table was generated with the Stanford FlameMaster code [35, 37] that solves flamelet equations. For example, a flamelet equation for hydrogen species relates the mixture fraction dissipation rate, diffusion of H 2 mass fraction in mixture fraction space, and the H 2 reaction rate in the following way:
The reaction rate on the right side of Eq. (21) [38] . A chemistry lookup table was generated that correspond to four discrete combustor entrance static pressures p 3 of 0.1, 0.32, 1.0, and 3.16 bar and four combustor entrance static temperatures T 3 of 500, 900, 1300, and 1700 K.
Equations (12-21) yield 3-D contours of the hydrogen reaction rate _ ω H2 downstream of each of the 30 wall jets that are drawn in Fig. 7 . Figure 8a shows some 2-D slices of the computed 3-D profiles. Reaction rate in the upper profile of Fig. 8a is largest just downstream of the wall fuel port, where scalar gradients are large. Reaction rates are smaller for the case of lower static pressure (Fig. 8a, lower profile) because the low pressure reduces the Arrhenius reaction rate as well as the fuel-air mixing rate. A mixing and jet scaling model is used for these computations, detailed in [4, 33] , and the MASIV model further solves Eqs. (5-11) . Figure 8b contains plots of the integrated hydrogen reaction rate _ ω H2 . The profiles in Fig. 8b were integrated over each transverse (y, z) plane, using
Thus, the integrated hydrogen reaction rate _ ω H2 plotted in Fig. 8b is only a function of the streamwise coordinate x. This integrated reaction rate is required as input into Eq. (11), which determines how rapidly the hydrogen fuel was consumed in the flow direction downstream of the fuel port. The curve marked p 3 3.16 bar in Fig. 8b represents the highest pressure in this figure, and the peak reaction rate is seen to be much larger than for the lowest-pressure condition (0.1 bar). The trend in Fig. 8b confirms the general rule that compression in the inlet should be sufficient to maintain combustor pressure above some baseline value, which is stated in Heiser et al. [10] to be about 0.5 atm.
A quantity of interest is the maximum fuel reaction rate ω τ , used in Eq. (4) to compute the air velocity at the flameout limit (U 3
The first factor on the right _ ω H2 x; y; z max corresponds to the maximum values of the contours drawn in Fig. 8 . The density of the injected hydrogen (ρ H2 ) depends on the equivalence ratio ER, which determines the mass flow rate of hydrogen via the following relation: _ m fuel ∕ _ m air ∕f s . Here, f s is the stoichiometric fuel-air ratio, which is 0.029 for hydrogen. The hydrogen injection velocity U H2 is the sonic velocity of hydrogen (1200 m∕s) at 300 K. The diameter of each fuel port (d F ) on the MAX-1 vehicle is 3.45 cm.
Combustion efficiency was defined in Eq. (1) 
When the preceding relations are substituted into Eq. (1), the combustion efficiency becomes
At each altitude during the ascent, the combustor entrance pressure and temperature are computed as well as the mass fraction of hydrogen at the combustor exit (Y H2;4 ). This quantity is substituted into Eq. (26), along with the ER required to trim the vehicle, to compute the combustion efficiency.
The flameout limit was computed by employing Eqs. (2) and (4). First, a cavity flame holder of height H is selected for the MAX-1 vehicle. At each altitude along a constant dynamic pressure q ∞ trajectory, the vehicle is trimmed to compute the angle of attack and equivalence ratio required to produce the necessary thrust. Then, MASIV computes the values of ω τ ∕ω τ and U 3 at each altitude. ω τ is the reaction rate of the fuel for the pressure and temperature at the combustor entrance. ω τ is computed in the same way, but for the measured pressure and temperature at flameout of the Takahashi et al. [16] experiment. These values are input into Eqs. (2) and (4), and if the computed air velocity U 3 exceeds the critical value U 3 , then flameout is predicted to occur.
A new method was developed to reduce the computational time of the model and improve the interpolation between discrete values in the lookup table. First, a large lookup table was filled with computed values of chemical reaction rates. Second, the size of the table is reduced to less than 1% of its original size through a matrix decomposition of the data tables. Additionally, most of the table elements have negligibly small values of reaction rate. The third step was to apply a rapid interpolation method because the combustor inlet pressure and temperature (p 3 , T 3 ) at each altitude will fall in between the 16 discrete values that were used to compute the lookup table. Standard interpolation methods were found to be too slow or too inaccurate to handle the multidimensional and occasionally ill-conditioned lookup tables.
Proper orthogonal decomposition (POD) is a well-defined method of producing reduced models of complex data sets. In this application, it provides a rapid and accurate way to reduce the size of the lookup table and enable rapid interpolation. The POD method represents the data approximately using a linear combination of basis functions, and only the modes that make the largest contributions are retained. POD methods, as described in [39] [40] [41] , are analogous to [38] . The large number of elements in S is the product of six parameters; reaction rates are tabulated for each of the eight species for four values of p 3 and 4 values of T 3 . For good accuracy, it was decided to consider 201 values of mean mixture fraction, 25 scalar variances, and 146 scalar dissipation rates. Figure 9a displays some of the reaction rates stored in S for one scalar dissipation rate of 882 s −1 . Hydrogen (H 2 ) reaction rate is plotted as a function of mean mixture fraction and its variance. Notice that there is a small region in the bottom left where the reaction rates are significant (above 900 s −1 ).
At most of the other locations in Fig. 9a , reaction rates are less than 5% of this value. Therefore, a new smaller matrix calledS then is computed that retains only the small number of significant reaction rates that are seen in the lower-left corner of Fig. 9 . Many elements are ignored for which reaction rate is nearly zero. The new matrixS has less than 1% as many elements as S. To identify and reduce the matrix S, a POD decomposition is performed, and only the four largest POD modes are retained. A more complete formulation of this POD approach and its accuracy is detailed in [8] .
V. Results
We consider two cases; one is the assessment case, and the other is the ascent case. For the assessment case, there is no ascent of the vehicle, and each of the four governing parameters (p 3 , T 3 , U 3 , ER) is varied independently to provide a basic understanding of their effects on fuel burn and combustion efficiency. For the ascent case, all four variables (p 3 , T 3 , U 3 , ER) continuously vary as the vehicle is trimmed along a constant dynamic pressure trajectory. For the ascent case, there are many competing tradeoffs that were examined.
A. Assessment Case: Parameters Varied Independently Figure 10 shows how the hydrogen fuel mass fraction varies in the axial direction within the combustor for different entrance pressures p 3 . Equations (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) were solved for values of T 3 , U 3 , and ER that were fixed at 900 K, 2000 m∕s, and 0.30, respectively. The hydrogen mass fraction increases sharply at x 16.4 m where the fuel is injected, and then it decreases downstream due to chemical reaction. The upper curve indicates that little of the fuel is consumed at the end of the combustor (x 18.5 m) when p 3 is as small as 0.1 bar. Profiles of gas static temperature and static pressure have been previously studied [6] and are not shown here; both quantities rise initially due to the heat addition from combustion and then decrease downstream due to wall divergence. Static pressure rises because heat addition to a supersonic flow drives the Mach number down (toward unity). Figure 11 is a plot of combustion efficiencies determined for the assessment case, measured at station 4 the combustor exit. Profiles computed by solving Eqs. (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) were inserted into Eq. (26) . As expected, higher combustion efficiency is achieved by operating at higher combustor entrance pressures and temperatures when ER is held constant. For p 3 less than 0.5 atm, a significant fraction of the hydrogen fuel is not consumed. This finding is consistent with the general understanding in Heiser et al. [10] that p 3 should exceed 0.5 atm. The trends in Fig. 11 are due to two physical processes that control hydrogen reaction rate: mixing and finite rate chemistry.
The gas velocity U 3 also was increased, and as expected, the combustion efficiency decreased because of the reduced residence time available to complete the mixing and finite rate chemistry.
The flameout limit was examined for the assessment case, and some results are shown in Fig. 12 . The normalized Damköhler number was computed using Eq. (2). Figure 12a shows that reducing either the pressure p 3 or the temperature T 3 , while keeping U 3 and ER constant, drives the Damköhler number down toward unity, which is the flameout limit. However, Fig. 12b also shows that increasing the equivalence ratio has a strong stabilizing effect, as expected. Propulsion devices often are operated fuel-lean, and so smaller values of ER lead to flameout at some lean limit. Larger ER conditions become closer to stoichiometric and are less likely to flame out.
B. Ascent Case: Combustor Flow Conditions
Now the ascent case is considered; it is defined by the following constraints. The trimmed MAX-1 vehicle ascends along a path of constant dynamic pressure that is selected to be either q ∞ 30, 50, 70, or 100 kPa. Vehicle acceleration may vary along a trajectory, though in this study, a is fixed at 2 m∕s 2 to reduce the dimensionality of the problem. The equivalence ratio is set by the trim requirements at this acceleration, which is low enough to prevent choking of the combustor flow and avoids ram-scram transition for all Mach numbers considered. Figure 13 shows how the four governing parameters (p 3 , T 3 , U 3 , and ER) vary as the flight Mach number varies from 5 to 14 along several ascent trajectories (q ∞ 30 to 300 kPa).
Combustor entrance static pressure p 3 in Fig. 13a decreases as the vehicle ascends along a trajectory. There is some expected tradeoff occurring in this case; one might expect higher Mach numbers to produce strong shocks that raise the static pressure p 3 behind them. However, along a constant q ∞ ascent trajectory M ∞ is proportional to p −1∕2 ∞ , and p ∞ varies inversely with altitude (illustrated in Fig. 3) . The decreasing trend of combustor pressure p 3 indicates that the atmospheric pressure conditions dominate the compression tradeoff between p ∞ and flight mach number M ∞ . Also note that p 3 is not directly proportional to p ∞ because the locations of the multiple shock waves in the inlet are changing as M ∞ and the angle of attack change. Figure 13b indicates that the static temperature at the combustor entrance (T 3 ) increases during the ascent. This is because the increasing flight Mach number raises the stagnation temperature and, more importantly, the Mach number M 3 of the compressed air entering the combustor, as shown in Fig. 13d. Figure 13c indicates that the entrance air velocity U 3 also increases with M ∞ , primarily due to the increased speed of sound.
An important observation is that Fig. 14 shows that the equivalence ratio required to trim the vehicle increases during ascent. ER also is much larger along the small q ∞ (30 kPa) trajectory than along the 300 kPa trajectory. The trim requirement introduces interesting constraints. If a small q ∞ trajectory is selected, the vehicle flies at higher altitudes (for a certain M ∞ ). The ambient gas density is low, and this requires a larger angle of attack to maintain sufficient lift force. Drag tends to vary as the square of the angle of attack, and so increased thrust is needed. The low density of the ambient air means that the mass flow rate of air that is captured by the inlet decreases, which would reduce thrust unless ER is increased. Alternatively, the vehicle acceleration is fixed at 2 m∕s 2 , and if traveling along a high q ∞ trajectory, large amounts of air enter the engine. Thus, the ER must be reduced, as shown by the lower curve in Fig. 14 .
Noticeably, we observe that, at some higher Mach numbers, the equivalence ratio rises above unity to meet the thrust requirements. This is a result of two model assumptions handling residence time and incomplete combustion. In the MASIV ROM, fuel burn only takes place in the combustor; the nozzle computations do not contain any combustion chemistry. Second, as the crossflow velocity U 3 in the combustor increases, the residence time decreases, and the flame length extends beyond the combustion chamber and out of the domain. Thus, even at a fuel-air equivalence ratio of 1, not all of the fuel may be burned, and maximum thrust attained. In such case when ER > 1, a greater amount of fuel is dumped into the combustor for the opportunity to burn and produce thrust, but at the cost of reduced combustion efficiency. Figure 15 shows how combustion efficiency η C varies during the ascent. The computed hydrogen mass fraction at the combustor exit (Y H2;4 ) was inserted into Eq. (26) . It can be concluded from Fig. 15 that it is advantageous to select a trajectory with a large value of dynamic pressure q ∞ to achieve high efficiency. The reason can be deduced from Fig. 13 , which showed that selecting a larger dynamic pressure results in higher pressures p 3 and much lower equivalence ratios. The higher pressures tend to increase the reaction rates, and the lower ER means that the fuel is rapidly mixed because of the excess air. A second conclusion deduced from Fig. 15 is that, for each q ∞ trajectory above some Mach number, the combustion efficiency steadily decreases during an ascent, as flight Mach number rises from 5 to 14. This appears to be due to offsetting trends in the combustor conditions. Figure 13 showed that, during the ascent, there is a decrease in p 3 and an increase in U 3 , both of which tend to reduce efficiency due to slower chemistry and reduced residence time in the combustor. However, this is partially offset by the increases in T 3 and ER that are shown in Fig. 13 that tend to speed up the chemical reactions. The pressure and velocity effects dominate the chemistry processes in the combustor, and less and less of the injected fuel is burned as the vehicle accelerates, reducing the overall combustion efficiency.
C. Ascent Case: Combustion Efficiency and Flameout Limit
The Damköhler number is plotted in Fig. 16 for two different cavity heights H. In Fig. 16b , for most of the ascent trajectories considered, Da H exceeds unity, and so flameout is avoided. An expected result is that the lowest curve in Fig. 16 corresponds to the lowest q ∞ of 30 kPa. This means that selecting a highdynamic-pressure, low-altitude trajectory is advantageous in avoiding flameout. A high-altitude trajectory subjects the combustor to lower static pressures and a high trimmed ER, reducing combustion efficiency and approaching critically low Damköhler numbers for a fixed step height H. A low-altitude (large q ∞ ) trajectory provides high pressures, and the engine entrains large amounts of air. Thus, a small (lean) ER is required by the trim conditions to prevent excessive thrust and maintain the specified 2 m∕s 2 of acceleration. Figure 16 shows that flameout occurs at high altitude (low dynamic pressure q ∞ ) due to a combination of low ambient pressures, reduced combustor residence time, and inefficient combustion and equivalence ratios at the target trim conditions. It is noted that a constant acceleration trajectory was studied. For ascent or cruise trajectories with a different trim constraint, it is expected that the shape and location of the flameout region will change, and a lowaltitude flameout may be observed. This might correspond to a Damköhler number "rich limit" as reported in [12] , whereas this study focused only on fuel lean-limit Damköhler number experiments (in Table 1 ). If a high-altitude trajectory is selected, Fig. 15 also shows that the combustion efficiency would be significantly decreased. In some cases, the low efficiency limit is reached before flameout occurs. For fuel, range, and overall efficiency considerations, it is desired that combustion efficiency remains high (η C > 0.90). 
D. Ascent Case: Operability Limits on a Flight Corridor Map
One goal is to plot operability limits on a flight corridor map, as seen in Fig. 17 . The thin black lines represent constant dynamic pressure trajectories that relate M ∞ to altitude. The upper, curved red line in Fig. 17 is the flameout limit computed by the MASIV code. Operation above this line leads to flameout due to a combination of low pressures, reduced reaction rates, short residence times, and inefficient ER at the trim conditions. The straight, solid blue line is where the combustion efficiency is η C 0.90. Operation at altitudes above this line is less efficient and not desirable. The subsequent dashed blue lines represent η C 0.75, 0.6, respectively.
It is seen that, in Fig. 17a , only one acceptable trajectory (q ∞ 300 kPa) falls outside of the curved red and solid blue lines. One alternative is to increase the flameholder step height H, which shrinks the flamout region, as seen in Fig. 17b . The flight corridor is widened, and an acceptable trajectory is shown by the green arrows. Even with a larger step height H, at higher flight Mach numbers, we approach the loose combustion efficiency limits, which tend the acceptable trajectories toward a higher q ∞ .
VI. Discussion of Uncertainty
An advantage of a ROM is that it can be run rapidly for thousands of conditions to estimate trends that occur for a trimmed vehicle ascending along different trajectories. Despite uncertainties introduced by the simplifying assumptions, the computed trends provide understanding as well as multidimensional performance maps that are essential to develop optimization and control strategies. However, two disadvantages of a ROM are its limited range of applicability and the need to quantify uncertainty. The MASIV finite rate chemistry lookup tables are limited to the fuel type (hydrogen) for which they were generated. The mixture fraction (fuel mixing) profiles are limited to jets in a crossflow because they are based on empirical formulas. The flameout Damköhler number is based on an empirical number that is only valid for a cavity type of flameholder. Our methodology can be modified to account for other fuels, injectors, and flameholders, but this has not yet been done.
Uncertainties previously have been shown to be less than 15% for several of the submodels in MASIV because the selected geometry is simple. However, uncertainties are estimated to be larger for the combustor. Forces were computed using established panel methods; the angles of attack and turning angles are less than 8 deg, and so flow separation is not a concern. Panel methods were shown in [42, 43] to predict pressure forces that agree with CFD results to within 10% if turning angles are less than 10 deg. The engine has a large aspect ratio of 15, and the use of the 2-D method of characteristics in the inlet and nozzle were shown in [3, 6] to compute wall pressures that are within 15% of CFD and experimental results. Only a 1% uncertainty is introduced by the decision to keep only the four largest POD modes to create the smaller chemistry lookup table described in Sec. IV. A previous paper [7] focuses entirely on the uncertainties of the MASIV model.
The largest uncertainties are associated with the combustor, and they are estimated to be less than 30%. It is argued that the empirical formulas that are employed are reasonable for the simple geometry selected, but the uncertainty in the empirical constants c 1 to c 6 is about 30% due to scatter in the data from different experiments [32, 33] . The MAX-1 combustor has a simple diverging duct geometry with fuel jets burning in a crossflow. Equations (12) (13) (14) (15) (16) (17) are well-established mixing empirical formulas for jet mixing in a crossflow, based on experimental measurements [33] . The Damköhler number concept is commonly used [12] to correlate flame blowout data, and five sets of measurements in Table 1 yield Da crit and k 1 values approximating blowout.
The uncertainty and variation of k 1 in some experiments is nontrivial. This provides an indication that there are further parameters beyond the Damköhler correlation of the reaction rate to the diffusion rate affecting flame stability and blowout. The exact measurement of flameout also varied between experiments, reporting either extinguished conditions or incipient flame instability as blowout. Large scatter is found in aggregate experiments using different fuels and mixing structures (cavities, struts), correlating Damköhler number to a defined equivalence ratio [12] . Quantifying the uncertainty of k 1 is difficult without further experiments; however, in repeating the analysis of this study with a different baseline Da crit and k 1 from Table 1 , we yield the same trends of the flameout region but with a different minimum cavity step height (a tunable design parameter).
To quantify some of the uncertainty in the combustor computations, previously [4, 5] compared combustor wall pressure profiles from MASIV to an experiment of identical geometry; the agreement was within 15%. Although the combustor uncertainty is larger than desired, the present empirical approach is argued to be justified because CFD codes cannot compute combustion efficiencies or flameout limits with uncertainties less than 30%. Additional measurements could reduce the uncertainty in the empirical constants c 1 to c 6 and k 1 . However, the present conclusions have been limited to statements about general trends, and these conclusions are felt to be accurate.
VII. Conclusions
In this work, a methodology is presented to compute two operability limits that affect the ascent of a trimmed hypersonic vehicle that is powered by a dual-mode ramjet-scramjet engine. One is the flameout limit, and the other is the limit where combustion efficiency drops below 0.90. A reduced-order model (ROM) called MASIV was used that includes finite rate chemistry tables that are similar to those used in the code FLUENT. A 3-D turbulent mixing model uses empirical formulas for the profiles of mean fuel concentrations in jets in a crossflow. It also applies a conventional assumed-PDF approach to model turbulent mixing. A proper orthogonal decomposition (POD) algorithm was developed to reduce the size of the chemistry lookup table matrix from 93 million elements to less than 1% of this number and speed up the computation. Retaining only the largest four POD modes introduced very small inaccuracy because nearly all of the table elements that were eliminated have negligibly small values, and the original matrices were well conditioned.
Although the ROM results are only approximate, they do successfully predict several measured flameout limit trends. To determine the flameout limits the aerodynamic and thrust forces are computed approximately 1800 times. That is, for each of nine trajectories, 20 altitudes are selected. For each altitude, 10 angles of attack are selected to find the one that trims the vehicle. For this type of optimization study, a ROM gives a useful first look at the small subset of conditions that should be investigated later using CFD.
For every computation, the vehicle is trimmed at each altitude. To evaluate the model, an assessment case was run. For this case, there was no ascent, and each of the four governing variables (p 3 , T 3 , U 3 , and ER) was systematically varied. The resulting trends were in qualitative agreement with previous experiments. For the ascent case, multidimensional maps were generated by running the MASIV model hundreds of times, through various altitudes, atmospheric conditions, angles of attack, and flight trajectories. Each trajectory has a different dynamic pressure. The variation of the angle of attack was necessary to find the trim angle and condition that balances all vehicle forces and moments at an acceleration of a 2 m∕s 2 . From the flight vehicle maps, the two operability limits were computed that define a narrow flight corridor on a plot of altitude versus flight Mach number. The optimum trajectory was identified as the one that has maximum combustion efficiency and avoids the flameout limit. Although results of the assessment case (no ascent) were straightforward, the ascent case yielded unexpected results; they arise due to competing effects of four parameters (p 3 , U 3 , T 3 , and ER). During the ascent, the combustor entrance pressure p 3 drops, and U 3 increases, which has the adverse effect of tending to slow the chemistry and reduce the residence time. However, ascent also causes T 3 and ER to increase, which tends to speed up the chemistry. It was found that a high-altitude (low dynamic pressure) trajectory is best to avoid fuel lean-limit flameout. Although a highaltitude trajectory causes low pressures to occur the combustor, the trim requirements impose near-optimum stoichiometric fuel-air ratios that are far from the lean flameout limit.
